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In memory of Thomas Branson 

Abstract. The symmetry operators for the Laplacian in flat space were recently 
described and here we consider the same question for the square of the Laplacian. 
Again, there is a close connection with conformal geometry. There are three main 
steps in our construction. The first is to show that the symbol of a symmetry 
is constrained by an overdetermined partial differential equation. The second is 
to show existence of symmetries with specified symbol (using a simple version of 
the AdS / CFT correspondence) . The third is to compute the composition of two 
first order symmetry operators and hence determine the structure of the symmetry 
algebra. There are some interesting differences as compared to the corresponding 
results for the Laplacian. 



I. Introduction 

The second order symmetry operators for the Laplacian on R n were determined 
by Boyer, Kalnins, and Miller [2]. The higher order symmetries were found in |H] 
and the structure of the resulting algebra was also described. Here were prove the 
corresponding results for the square of the Laplacian. The other aspect of [2], namely 
the relation between second order symmetries and separation of variables, is unclear 
for the square of the Laplacian. 

We are grateful to Ernie Kalnins who suggested the square of the Laplacian as 
a candidate for having interesting symmetries. We would also like to acknowledge 
pertinent comments from Petr Somberg, Vladimir Soucek, and Misha Vasiliev. 

2. Definitions and statements of results 

We shall always work on n-dimensional Euclidean space W 1 for n > 3 and adopt the 
usual convention of writing vectors and tensors adorned with indices, which we shall 
raise and lower with the standard (flat) metric g a b. Let us also write V a = d/dx a 
for differentiation in coordinates. Then V a = g afe Vj, and the Laplacian is given by 
A = V a V a - All functions and tensors in this article will be smooth. All differential 
operators will be linear with smooth coefficients. 
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Definition 1. A differential operator T> is a symmetry of A 2 if and only if there is 
another differential operator 5 such that A 2 T> = 5 A 2 . 

Obviously, any operator of the form VA 2 is a symmetry of A 2 because we can take 
5 = A 2 V. Therefore one introduces the following equivalence relation. 

Definition 2. Two symmetries T>\ and T>2 of A 2 are equivalent, T>\ ~ T>2, if and 
only ifVi -V 2 = VA 2 for some differential operator V . 

Of course, this equivalence relation only effects symmetries of order s > 4. The 
composition of two symmetries is again a symmetry Also, composition is compatible 
with the equivalence relation, i.e. if T>\ ~ T>2 and T>3 ~ P4, then T>{D-i ~ T>iT>^. This 
allows us to define an algebra:- 

Definition 3. The algebra B n consists of all symmetries of A 2 on W 1 considered 
modulo equivalence and with algebra operation induced by composition. 

In the following we shall study this algebra and describe its structure. To this end 
we need the notion of conformal Killing tensors and their generalisations as studied 
in pm ITT]. We shall write 0( afe "' c ) for the symmetric part of a tensor <p ab '" c . 

Definition 4. A conformal Killing tensor V bcd "' e is a symmetric trace-free tensor 
such that 

(1) the trace-free part of v (a \/ bcd - e) = 0, 

equivalently that 

^(aybcd-e) _ g(ab ^cd---e) 

for some tensor (p cd ' " e . A conformal Killing tensor with one index is called a conformal 
Killing vector. A conformal Killing tensor with no indices is simply a constant. 

Definition 5. A generalised conformal Killing tensor W d "' e of order 3 is a symmetric 
trace-free tensor such that 

the trace-free part of V (a V b V c W d - e) = 0, 

equivalently that 

y(ayfeycjyd-e) = g (ab ^cd-e) 

for some tensor <p cd '" e . 

Though it is clear how to define a generalised conformal Killing tensor of any order, 
we shall only need order 3. This should be taken as read for the rest of this article. 
Our main theorems on the existence and uniqueness of symmetries are as follows. 

Theorem 1. Any zeroth order symmetry of A 2 is of the form 

f 1 — > V f for V constant. 
Any first order symmetry of A 2 is of the form 

V h Vb + lower order terms, 
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where V b is a conformal Killing vector. Any higher symmetry, say of degree s, of A 2 
is canonically equivalent to one of the form 

V bcd - e V b V c V d • • • V e + W d - e AV d • • • V e + lower order terms, 

where V bcd "' e is a conformal Killing tensor of valency s and W d "' e is a generalised 
conformal Killing tensor of valency s — 2. 

Theorem 2. Suppose that V bcd "' e is a conformal Killing tensor on M. n . Then there 
is a canonically defined differential operator 

V v = V bcd - e V b V c V d • • • V e + lower order terms 

that is a symmetry of A 2 . Suppose that W d "' e is a generalised conformal Killing 
tensor. Then there is a canonically defined differential operator 

V w = W d - e AVd ■ ■ ■ V e + lower order terms 
that is a symmetry of A 2 . 

The proof of this theorem will be given in Section 0] by using the ambient metric 
construction. Here we only want to give the first and second order symmetries. As a 
special case of (fT^j) . any first order symmetry is given by 

vf = v a v a f + ^(v a r)/ + cf, 

for a conformal Killing vector V a and arbitrary constant c. The canonical ones T>y 
are those with c = 0. The canonical second order symmetries are 

(2) Vyf = V ab V a V b f + gf(V a y ab )VJ + i(~+})(n+l ^^bV ab )f, 

for V ab a conformal Killing tensor and 

(3) V w f = WAf - (VW)VJ - ^^(AW)fi 

for W a generalised conformal Killing scalar, i.e. V a V fe V c W = g^ ab cf) c \ Of course, 
there is no freedom in equivalence until we consider fourth order operators. Hence, 
we can use Theorems Q and 121 to write down all second order symmetries as follows. 
Suppose that D is a second order symmetry operator. According to Theorem ^ it 
has the form 

V = V ab V a \7 b + WA + lower order terms 

where V ab is a conformal Killing tensor and W is a generalised conformal Killing 
scalar. According to Theorem EJ however, there are canonically defined symmetry 
operators of the same form, which we can subtract to obtain a first order symmetry. 
Iterating this procedure we conclude that 

V = Vy 2 +V W +V Vl +Vy , 

where T>y s are the canonically defined differential operators associated to conformal 
Killing tensors of valency s and Vw is the operator associated to a generalised con- 
formal Killing scalar. As above, we have explicit formulae for these operators and, of 
course, Vy f = Vof for constant Vq. We shall soon see that the space of (generalised) 
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conformal Killing tensors is finite-dimensional. (In particular, the space of second 
order symmetries of A 2 has dimension (n+ l)(n + 2)(n 2 + 5n + 12) /12.) 

More generally, let K. nyS denote the vector space of conformal Killing tensors on R™ 
with s indices and, for s > 2, let £ njS denote the vector space of generalised conformal 
Killing tensors on M™ with s — 2 indices. Reasoning as we just did for second order 
symmetries, but now taking into account the equivalence necessitated by Theorem^ 
in general, we conclude that any symmetry of A 2 may be canonically thrown into an 
equivalent one of the form 

V Vs + V Wa + ■ • • + V V2 + V W2 + V Vl + V Vo , for V a e JC n , s , W s E C n>s . 

Another way of stating this is:- 

Corollary 1. There is the following canonical isomorphism of vector spaces. 

oo 

(4) E n ~ /C n , © /C n ,i © {K n>s © C n , s ) ■ 

s=2 

In order the present the algebra structure on B n we need more detail on the spaces 
/C„ iS and C n ,s- It is well-known and given explicitly in (|T7j) . that the space of conformal 
Killing vectors on W 1 is isomorphic as a Lie algebra to so(n + 1, 1). The spaces /C njS 
and £„ jS are irreducible finite-dimensional representations of so(n + 1, 1). Specifically, 



s 



(5) 



and 



s 



(6) 



as Young tableau, where o denotes the trace-free part. These isomorphisms may be 
derived from results concerning induced modules in representation theory, namely 
Lepowsky's generalisation [9 of the Bernstein-Gelfand-Gelfand resolution. A proof 
in the language of partial differential operators appears in [3]. 

From now on, let us write g for the Lie algebra so(n + 1, 1). Then 




and, following we shall write X © Y for the projection 



g © g 3 V © W 



V@W G 



o 
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It is shown in jH] that the symmetry algebra A n for the Laplacian is isomorphic to 
the tensor algebra (^) modulo the two-sided ideal generated by 

(8) V®W-V®W-\[V,W] + ^^ T) {V,W) forV,Weg, 

where ( , ) is the Killing form (normalised in the usual way, not as in [U]). To state 
the corresponding result for B n we also need a notation for the projection onto I I l o 
and we shall write this as V" i— > V»W meaning as an idempotent homomorphism 
of q g into itself. We also need to observe that 



0000000 C0000000 



meaning that there is a unique irreducible summand of the symmetric tensor product 
Q 4 of the indicated type. With these conventions in place, we have:- 

Theorem 3. The algebra B n is isomorphic to the tensor algebra (^)g modulo the 
2-sided ideal generated by 

( 9 ) V ® W „ V@W „ V . W -^ W]+ J2L0^0_ ( y- W) forVjWeg 

and the image of | | 1 | | Q in ® 4 0. 

As noted in P for A n , we can quotient firstly by V A W — \[V,W] to realise B n 
as a quotient of 11(0), the universal enveloping algebra of 0. Compared to A n , the 
appearance of additional generators at 4 th order is new. 

In fact, there is a more precise statement from which Theorem El easily follows. It 
appears as Theorem 0] in Sectional 

3. The proof of Theorem [T] 

Lemma 1. Suppose V bcd "' e f is a conformal Killing tensor with s indices. If we define 
(fr cd '" e f according to 

(10) y(aybcd-ef) _ g{ab ^cd-ef) ^ 

then 

(11) &V bcd - ef ={s- l)g (bc V a (p d - ef)a -(n + 2s- 4)V V" e/) 
and 

the trace-free part of V {a VV cd "' e/) = 0. 
Proof. Taking the trace of (|1(J|) gives 

_2_ v ybcd-ef _ In ,cd-ef , 4(s-l) ,cd-ef 

whence 

(12) ^ = ^t^V b V bcd - ef . 
If we apply V a to (JTUJ) we obtain 

J_ A ybcd-ef , 8 y(6 V ycd-ef)a = 2 y(b , cd-ef) , (6cy -d-e/)a 

s+1 s+1 a s+1 T s+l^ a ^ 
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In combination with ([12)1 . this completes the proof of Since n > 3 and s > 1, 

the coefficient n + 2 s — 4 is always non-zero and the final conclusion now follows by 
differentiating (jlljh □ 

Now, we are in a position to prove Theorem ^ Let us write 

V = T abcde - f V a V b V c V d V e • • • V/ + lower order terms, 

where T abcde "'f is a non-zero symmetric tensor, namely the symbol of D. This tensor 
splits uniquely as 

rpabcde - f _ yabcde-f _|_ g(abyycde-f) _|_ g( ab g cd X e "'^ 

where \Z afcc(fe -/ and W cde " ^ are symmetric trace-free and X e "'f is symmetric. By 
subtracting 

A 2 X 6 "' / V e • • • V/ = X e "' f A 2 V e • • • V/ + lower order terms 

from £> we have found a canonically equivalent symmetry of the form 

V = V abcde - f V a V b V c V d V e ■ • • V/ + W cd£ - f AV c V d V e ■ ■ ■ V f + lower order terms 

and we claim that y abcde -f must be a conformal Killing tensor and W cde "'f must be 
a generalised conformal Killing tensor. To see this we simply compute A 2 T> and for 
this task it is convenient to use the formula 

A 2 {fg) = fA 2 g + 4(V a f)AV a g + 2(Af)Ag + 4(y a V b f)V a V b g 
+ A(AV a f)V a g + (A 2 f)g 

and its evident extension to tensor expressions. If we write 

V = V^-^VfcViVj-VfcV, • • • V m + ll-' / '- , -'"AV,V,V, • • • v m 
+ V'' / ' / - ! "V ; V ; V/,V, • • • V m + Z^-^VjVkVi ■ ■ ■ v m 
+ lower order terms 

where Y^ kl '" m and Z^ kl '" m are symmetric, then 

A 2 V = V hij "' m A 2 VhViVj ■ ■ ■ V m + W j "' m A 3 Vj • • • V m 

+ 4(V( a V r ^'- m ))AV a V /l V i V J ■■■V m + 4(V('W J - m ))A 2 V a V i • • • V m 

+ Y^- m A 2 ViV r --Vm 
+ lower order terms. 

Moving the Laplacian to the right hand side of each of these terms gives 

A 2 V = VA 2 + 4(V (a 1/^'- m) )V a V /l V i V j • • • V m A + lower order terms 

for some differential operator V and for this to be of the form 5 A 2 for some differential 
operator S forces (JTJ) to hold, as required. 

To find a constraint on W^ k '" m we should consider lower order terms:- 

A 2 V = QA 2 + AiV^V^-^VaVhViVjVkVi ■ ■ ■ V m A 
+ 2{AV hi i kl - m ) V h Vi Vj V k Vi ■ ■ ■ V m A 

+ A(V^V b V h ^ kl - m ^)V a V b V h V i V J V k V l ■■■Vm 
+ 4(V^V b W= kl -^) VaVtVj V fe Vz • • • V m A 
+ A{V^ kl - m ))V a V l V j V k Vi ■ ■ ■ V m A 
+ lower order terms. 
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If we write V h ^ kl '" m according to (JTUJl and substitute from ([lip, we obtain 

A 2 V = TLA 2 -2(n + 2s -4)(V ( - h (j) ijkl - m) )V h ViV j V k Vr--V m A 
+ A{VH ijkh " m) ) V^V.V.-VfcV/ • • • V m A 
+ 4(V( k V ! P M '- m ') VhViVj V fc V* • • • V m A 
+ 4(V(' i yy w - m >) V^V^V, ■ • • V m A 
+ lower order terms 

from which we deduce that 

(13) 2(V (ll V¥ ,1| - m) ) + 2(V (h Y ijkl - m) ) = {n + 2s- 6)(V ( V iiW "' m) )- 
Passing to the next order, we find 

A 2 V = ^A 2 + 4(A0 a ^- m ))V a V J V fe Vr --V m A 
+ 4(AV( a P w - ro ') V a VjV k Vi ■ ■ ■ V m A 
+ 2{AY^ kl - m )V i V j V k Vi ■ ■ ■ V m A 

+ 4(V( a V /l F^- m ))V a V/ l V i V j V fc V z • • • V m 
+ 4(V( a Z^-™))V a V i V fc V, ■ • • V m A 
+ lower order terms 

from which we deduce that 

the trace-free part of V (o V fc y <J '* ,, " ro) = 0. 

Together with Lemma ^ it follows from (fT3*j) that 

the trace-free part of V (o V fc V i W J " w " -m) = 0, 

as required. This completes the proof of Theorem ^ □ 

In principle, computations such as these are all that is needed to find T>y and T>w 
as in Theorem |21 For example, we may arrange that (|13|) holds by taking 

Yijkl---m n-\-2s— 6 j^ijkl---m 

and from ()12j) we see that T>y must take the form 

(14) V v f = V ab - c V a V b • ■ ■ VJ + l% + ^~_% iy a V ab - c )V b ■ ■ ■ V J + • • ■ . 

This direct approach, however, is difficult. Fortunately, there is a much easier way of 
constructing the operators Vy and T>w and this is done in the next section. 

4. The ambient metric and the proof of Theorem El 

The constructions in this section closely follow those of jH] and so we shall be brief. 
Let us consider the Lorentzian quadratic form 



~g AB x A x B = 2x°x°° + g ab x a x b 



(x°, x a , x°°) 
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on M n+2 . If we embed M n MP n+ i according to 

1 



x a 



-x a x a /2 

then the action of SO(n + 1, 1) on R n+2 preserves M the null cone of gAB and the 
corresponding infinitesimal action of g = so(n + 1, 1) on the space of null directions 
gives rise to conformal Killing vectors on R™. Explicitly, if q is realised as skew tensors 
yBQ on ]gm+2 j n usual way, then one may check that 

(15) V BQ ^V b = <5> B V BQ V b Q, 
where 

(16) $ B = (-x b x b /2, x b , 1), ^ b Q = (-x b , 5 b q , 0), 5 b q = Kronecker delta. 



In other words, 




A 

s b 



yBQ _ j ^60 ybq yboo | _ j _ r q m bq 

-A -s g 
corresponds to the conformal Killing vector 

(17) V b = -s b - m b q x q + \x b + r q x q x b - {l/2)x q x q r b . 
As in jH], the formula (|15jl generalises 

(18) yBQ-CRDSET ^ yb-cde = $ fl . . . ^^yBQ-CRDSET^ . . . yjf^d^e^ 

to provide an explicit realisation of the isomorphism (JSJ. Here, y B Q-CRDSET j g s k ew 
in each pair of indices BQ, . . . , CR, DS, ET, is totally trace-free, and is such that 
skewing over any three indices gives zero. Similarly, we may take 



(19) w bq-crde e 



as totally trace-free, skew in each pair BQ, . . . , CR, symmetric in DE, and such that 
skewing over any three indices gives zero. Then (jHJ) is realised by 

(20) W BQ-CRDE ^ W b-c = $ B . . . $ c $ D $ ^BQ-CRDEyb q . . . ^ 

Following Fefferman and Graham jH], we shall use the term 'ambient' to refer to 
objects defined on M n+2 . For example, there is the ambient wave operator 

B 2 

A = g AB — 

dx A dx B 

where g AB is the inverse of gAB- Let r = cjabx a x b so that J\f = {r = 0}. Suppose 
that g is an ambient function homogeneous of degree w — 2. A simple calculation 
gives 

(21) A(rg) = rAg + 2(n + 2w - 2)g. 

In particular, if w = 1 — n/2, then A(rg) = rAg. Therefore, if / is homogeneous 
of degree 1 — n/2, then Af\j^ depends only on f\jy (since rg provides the freedom 
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in extending such a function off A/") . This defines a differential operator on R n and, 
as detailed in jjj, one may easily verify that it is the Laplacian. This construction 
is due to Dirac 0] and the main point is that it is manifestly invariant under the 
action of so(n + 1, 1). We say that A is conformally invariant acting on conformal 
densities of weight 1 — n/2 on M n . This ambient construction of the Laplacian is a 
simple example of the 'AdS/CFT correspondence' in physics. A principal feature of 
this correspondence is that calculations are simplified by doing them ambiently or 'in 
the bulk'. This feature pervades all that follows. 

Invariance may also be viewed as follows. Recall that g = so(n + 1, 1) is realised 
as skew tensors V B ®. Each gives rise to an ambient differential operator 

d 

(22) D v = vBQx b-q-q where x B = x A g AB . 
It is easily verified that, for g and / of any homogeneity, 

(23) ®v{rg) = r® v g and ADyf = T) v Af. 

The first of these implies that Dy induces differential operators on W 1 for densities of 
any conformal weight: simply extend the corresponding homogeneous function on M 
into R n+2 , apply Dy, and restrict back to Af. In particular, let us denote by V v and 
5y the differential operators so induced on densities of weight 1 — n/2 and —1 — n/2, 
respectively. Bearing in mind the ambient construction of the Laplacian, it follows 
immediately from the second equation of ()23|) that AT>y = 5yA. In other words, the 
infinitesimal conformal invariance of A gives rise to the symmetries T>y as differential 
operators. 

The formula (|2*2*j) generalises to provide further symmetries. It is shown in jH] that 
the ambient differential operator 

(24) Dy = V B ^ CRDSET x B ■ ■ ■ x c x D x E - f T 

ox^ ■ ■ ■ ox n ox a ox 1 

provides a symmetry of the Laplacian for all 



yBQ-CRDSET ^ 



The proof of Theorem |21 for conformal Killing tensors is essentially contained in the 
following:- 

Proposition 1. The ambient operator ()24|) induces a symmetry of A 2 . The symbol 
of this operator is given by (|18|) . 

Proof. Firstly, we need to know the ambient description of A 2 . Iterating (J2~T|) gives 

A 2 (rg) = rA 2 g + 4(n + 2w - 4)Ag. 

In particular, if w = 2 — n/2, then A 2 (rg) = rA 2 g. Therefore, if / is homogeneous 
of degree 2 — n/2, then A 2 /|_^ depends only on f\_\f and it is shown in [7j that the 
resulting differential operator on MJ 1 is A 2 . It is it easily verified that (|23J) holds more 
generally for Dy of the form (|24p . It follows that 

(25) D v (rg)=r r D v g and A 2 Q v f = D v A 2 f 
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for / and g of any homogeneity. Arguing as for the Laplacian shows that the operator 
T>y on M. n obtained from Dy acting on functions homogeneous of degree w = 2 — n/2 
is a symmetry of A 2 . There are some details to be verified to make sure that the 
symbol of T*y is given by (j!8j) . However, similar verifications are done in [Hj and we 
leave them to the interested reader. □ 

The ambient construction of symmetries from tensors \y B Q--- CRDE as j n (ji9| is less 
obvious. The following proposition completes the proof of Theorem |21 

Proposition 2. For any tensor w B Q - CRDE satisfying the symmetries of f|19|) the 

ambient differential operator 

w b Q ...crde Xb . . . x ( XdXe K - 2x®) p) R 
V ox^ / ox^ ■ ■ ■ OX K 

induces a symmetry T>w of A 2 of the form 

V w = W b '" c AVb • • • V c + lower order terms 
where W b "' c is given by (|2"U|) . 

It is not too hard to prove this Proposition by direct calculation along the lines 
of Proposition ^ There is a difference, however, in that the analogue of the first 
equation of (|25|) holds only for g of homogeneity — n/2. Moreover, for an analogue of 
the second equation, one needs to use the ambient operator 

on the right hand side and, even so, it is valid only for homogeneity 2— n/2. Of course, 
these homogeneities are exactly what we need for A 2 but there is a more satisfactory 
ambient construction giving rise to exactly the same symmetries, which we shall defer 
to the following section. The operators in this more satisfactory construction enjoy 
the proper generalisation of ([25|h namely (|29|). 

5. The proof of Theorem El 

We shall prove Theorem El by a new method, improving on 6J. As a side effect, we 
shall obtain a straightforward proof of Proposition El 

In the previous section, we found in (}2"2"|) a linear mapping 

(26) so(n + 1,1) =09^1 — ►SV, 

where Dy is an ambient differential operator acting on functions homogeneous of 
degree w for any w. By dint of (|23|). we obtain an induced linear mapping 



Q3V^Vy, 

where T>y is a differential operator acting on conformal densities of weight w. In fact, 
it is shown in jS] that 

(27) V v f = V a V a f~^(y a V a )f 

where V a is the conformal Killing vector associated to V G Q according to (JT3J. 
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The mapping (ffijj) immediately extends to the whole tensor algebra (^) by 

(28) q®q®---®q3U®---®V = X^® x = £>(/••• 2) y 
and extended by linearity. It follows from ()23j) that 

(29) ®x{rg) = rT) x g and A2) x = D X A 

and hence that there is an induced series of operators T>x acting on densities of 
weight w on R n and providing symmetries of A fc when w = k — n/2. Of course, for 
simple tensors X these operators are obtained by composing the basic operators T>y 
for V6g. However, usefully to compute even the basic composition T>\jT)y from (|27ji 
for U, V G is difficult. Though this is done in j^j, the simpler approach adopted there 
is to compute S){/S}y instead. The object is to see how this composition breaks up 
under (J7J) but, for this purpose, the following argument is even more straightforward. 
We compute 

D^v = U BQ x B ^V CR x c ^ = V BQ V CR x B x c -^— + U^V Q R x B - ° 



cte^ dx Q dx R dx R ' 

which extends by linearity to give 

(30) ^= lBQC ^^+ lB °^V' forX^G ®0. 

We can simply apply this formula to tensors X from each of the summands on the 
right hand side of Q. All X B ® CR in g <g> g are skew in £?Q and Ci? but the various 
summands of (J7J) are characterised as follows. 

j^BQCR _|_ j^BCRQ _|_ j^BRQC _ g 

j^bqcr j g totally trace-free. 



Therefore, the second term in ()30|) vanishes and 2)x is given by ([24)1 . as expected. 
Next we have 

(31) <-> X BQCi? = - W QC g BR - W BR g QC + W QR g BC 

where W BC is symmetric trace-free. Therefore, 

D x = W BC x B x c A - 2W QC x c x R < f n - nW BR x B 4-B + W QR r- * 



dx R dx® dx R dx Q dx R 

and, when acting on functions homogeneous of degree w, 

There are two immediate consequences of this formula. Firstly, when w = 1 — n/2, 
the appropriate homogeneity for the Laplacian, we obtain 
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and the induced operator T>x on W 1 is clearly of the form VA. Therefore, this 
summand in the decomposition (J7J) is contained in the annihilator ideal. This is 
confirmed by (jHJ. On the other hand, when w = 2 — n/2, we obtain 

D x = W BC (x B x c A - 2x B ^ + r f ) 
V ox u ax^ax^ / 

and the induced operator on W 1 coincides with the statement of Proposition^ in this 

case. It is also easy to compute the symbol of the induced operator on IR n as follows. 

Lemma 2. 

gQ R m h Q m c R = g bc ® B ~g BQ y b Q = o $ B $c~g BC = o 

Proof. These are simple computations from (|16p. □ 

From this lemma, if X B ® CR is of the form given in (|31jl . then 

<S> B <£cX BQCR y b Q^ c R = $ B $ c W BC g bc = Wg bc 

where W is given by (|2(J|) . It follows that the induced operator on IR n is of the form 

Wg a V a V& + lower order terms = WA + lower order terms. 

Therefore, we have proved Proposition |2] for second order operators. Let us return 
to analysing the effect of the various summands of g ® g in P0]l . 
Next we have 

R <- X = V nin+1 ) [n+2) (~g^~g BR - g BC f R ) for constant V. 
The normalisation is arranged so that the Killing form ( , ) : g ® g — ■> K gives 
XBqcr ! y _ n x B Q B q = -nV n{n+1 ) {n+2) (5%5 B Q -5 B B 5%) 

= -^ B(n +iU ( (B+2) - (n+2)2 ) = y ' 

We compute 

Therefore, when acting on functions homogeneous of degree w, 

®X = ^ n(»+l)(»+2) ( r A + < n + ^)) ■ 

Hence, the corresponding action of T>x on M. n is 

-D /■ ... 
- n(n+l)(n+2) K 7 

for conformal densities of weight w. In particular, if w = 1 — n/2 then 

Vx f = -4n(n+l) V f- 

This is exactly as predicted in (jHJ). If w = 2 — n/2, however, then 
in agreement with ©. 



(rc-4)(n+4) „ , 
^Xj - 4„( n+ i)(„ + 2) v J> 
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Next we have 

' j^BQCR _|_ j^CRBQ _ q 













T> x _ x BQ Q R x B — w - \v BR x B —- - \T) V . 



j^bqcr j g ^ ^ a Uy trace-free. 

In this case both terms in (J3U)) evidently vanish. 
Next we have 

Q <-> x BQCR = ^-{V BR g QC - v QR g BC - v BC g QR + V QC g BR ) 

where V BR is skew. The normalisation is arranged so that the Lie bracket g © g — > g 
gives 

j^-bqcr ! > x B q QR — X R q QB = -V BR — -V RB = V BR 

Since X ® = —X CRB ®, the first term in (J30|) vanishes. Therefore, 

' dx R 2 ftr^ 2 

This accounts for the term 2®[v;w] m both (jHJ) and Q. 

The final summand corresponds to totally skew tensors X B ® CR and for these it is 
clear that D x given by (J3(J|) vanishes. It accounts for the presence of this summand 
in the ideals defined by (jHJ) or (0). 

In summary, by considering the effect in (jHOj) of tensors from the various summands 
in the decomposition (JJJ) of g ® g, we have verified (jHJ) and 0. It is also worthwhile 
recording what we have shown for a general conformal weight w. 

Theorem 4. Suppose that X a and Y a are conformal Killing vector fields on M n 
corresponding to X AP and Y , respectively, in g = so(n + 1, 1). Then 

V X Vyf = V X@Y f + V X .yf + \V [xy] f + n( ;jy ( :l 2) (X, Y)f 

on densities of weight w. Here, 

* V x f = X a W a f -%(V a X a )f. 

* (X © Y) ab = \x a Y h + \x b Y a - \x c Y c g ab is a conformal Killing tensor and 
for a general conformal Killing tensor V ab , 

v v f = v ab v a v b f - 2 -^iy a v ab )v h f + { Zt)(nli) ( v ^ b v ab )f. 

* X • Y = -^X a Y a = W satisfies V a V b V c W = g( a b4>c) and, for such a field in 
general, 

V w f = WAf - ^(VW)VJ + win 2 ^- 2) (AW)f. 

* [X, Y] a = X b V b Y a - Y b V b X a is a conformal Killing field. 

* (X,Y) = {V b X a ){S/ a Y b )-^{V a X a ){S/ b Y b )-lx a S/ a V b Y b -lY a S/ a S/ b X b 
is constant. 

Within (g © g) © g © K, however, these operations are defined as in Section^ 



14 



MICHAEL EASTWOOD AND THOMAS LEISTNER 



Proof. Apart from W = X • Y the various formulae have just been established or 
are taken from [6j (with a minor rearrangement for (X,Y) on R n ). To complete the 
proof, therefore, it remains to establish the formula on M. n for X • Y and the formula 
for T>w in general. One possibility is to compute the composition T>xT>y in full and 
collect terms. Though this certainly works, there is a short cut as follows. Certainly, 

T>xT>y = X a Y b V a Vb + lower order terms 

= (\x a Y b + \x b Y a - ^X c Y c g ab ) V a V b + ^X C Y C A + lower order terms 
= (X© Y) ab V a V b + \x c Y c A + lower order terms. 

It follows that X • Y — —X a Yh, as advertised. Rather than find the lower order 
terms by direct computation, we claim that they are forced by invariance under the 
conformal action of so(n + 1, 1). This is essentially the argument used in [HI §5] to 
find explicit formulae for T>y in case of an arbitrary conformal Killing tensor V bc "' d 
acting on densities of any weight. In our case, the argument is as follows. We are 
looking for a differential operator of the form 

(32) Vwf = WAf + a(V a W)V a f + (3{AW)f 

and it remains to determine the constants a and f3 in order that such an operator be 
conformally invariant under flat-to-flat rescalings of the standard metric on IR n . We 
shall follow the conventions of pQ concerning conformal geometry. If = £l 2 g a b is 
also a flat metric, then 

V a T a = -^T a T a for T a = (V a fi)/fi. 

Now W has conformal weight 2 and we are supposing that / has conformal weight w. 
It follows that 

V / = V a f + WTJ 

i/ a W = V a W + 2T a W 

Af = Af + (n + 2w-2)(T a V a f + ^T a T a f) 
AW = AW + (n + 2)(T a V a iy + T a T a W) 

whence satisfies V w = V w if and only if 

n+2w-2 , a w{n+2w-2) 

a = g and 0= 2{n+2) , 

as required. □ 

Notice that (J2J) and Q are special cases of Theorem Also notice that V\y = W A 
when w = 1/n — 2, which explains the absence of X • Y in the generators (JHJ) of the 
annihilator ideal in this case. 

We shall now complete the proof of Proposition |2] (and, hence, of Theorem |2j). 

Lemma 3. Suppose that 

X BQ-CRDSET € f] © • • • f] f] f] = (^fl C <g) S fl . 
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In other words, x B ®'" CRDSET is skew in each pair of indices BQ, . . . , CR, DS, ET, 
has 2s indices in total, and is invariant under permutations of the paired indices. 
Then the operator defined by (|28j) is 

_ yBQ—CRDSET _ _ _ ^ 



dx Q ■ ■ ■ dx R dx s dx T 

+ • • • x c x g - ^ T 

z Ox^ ■ ■ ■ OX H OX 1 

+ lower order terms. 

Proof. The derivation of (|30|) from (|22|) is easily extended by induction. □ 

Suppose that w B Q- CRDE satisfies the symmetries of (|19|) as in the statement of 
Proposition |21 Generalising (|31|). let x B< ^"' CRDSET be obtained by forming 

yyBQ-CRDE~ST _ yyBQ-CRSE ~DT _ yyBQ-CRSE ~DT _|_ yyBQ-CRST ~DE 

and then symmetrising over the paired indices BQ, . . . ,CR, DS, ET. From Lemma El 
a short calculation gives 

Q2 Q2 QS-2 



D x = w BQ - CRDE x B ---x c (x D x E A-2x D x s —^- T + r 

V ox^ox^ 



( n + 2s - A)W BQ - CRDE x B ■ ■ ■ x c x D 



dx s dx E dx D dx E J dx Q ■ ■ ■ dx R 

QS-l 



dx E dx® ■ ■ ■ dx R ^ 

where W B Q" CRDE being trace-free ensures that there are no lower order terms. 
Therefore, when acting on functions homogeneous of degree w, we find 

D x = W BQ - CRDE x B ■■■xc (x D x E A -( n + 2w- 2)x D ^~ E + r f ) / - 

V ox ox D Ox E J ox Q ■ ■ ■ Ox 

and, in particular, if w = 2 — n/2 then we have completed the proof of Proposition El 

It remains to finish the proof of Theorem El As in [S| , this is done by considering 

the corresponding graded algebra gr(23 n ). From Corollary^ we know the structure of 

this algebra — as a vector space it is and its algebra structure arises from its being 

a quotient of the tensor algebra (^)g. Theorem 0] with w = 2 — n/2 implies that the 

elements © are contained in the ideal defining B n , namely the kernel of the mapping 

(^) g — > B n . From these elements alone, the corresponding graded ideal contains 

V ®W -V ®W -V mW for V, W e Q. 

Let us consider the ideal generated by these elements alone, i.e. generated by X 2 
where we have grouped the decomposition (JJj) according to 



T,. 



In particular, X 2 contains g A g and so gr(£> n ) is a quotient of the symmetric tensor 
algebra Q s g. We have just seen how the differential operators T>w in Proposition El 
and hence Theorem El arise — the representation ([19)1 is realised as a specific submodule 
of Q S Q and, indeed, this is the unique submodule of this type. Hence, as a vector 
space, for s > 2 we may write )C njS © £„ iS C O^g and the corresponding symmetry 
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operators are given by the ambient construction in a uniform fashion (as developed 
earlier in this section). More specifically, 



cO s 



consists of those x B ®' CRDSET such that skewing over any three indices gives zero 
and then 



s.t. trace(trace(X)) = 



For convenience, let us write K n ^ s © £ n>s = M. n , s - From this viewpoint it is easy to 
see that the two-sided ideal generated by Z 2 in Q is not big enough to have (HJ) as 
its quotient and the problem is when s = 4. Arguing as in [6 , or more specifically as 
in Theorem 3], we would like to show that 



(33) 



M n>s = (M n ,s-i ® [] ) n ( [] <8> Mm-i) for s > 3 



but this is not true when s = 4 and the problem is with traces. More specifically, it 
is shown in jSJ Theorem 2] and, in any case, is easily verified as in jH] that 



(34) 



















®B) n (Eh 








) 










=( 

















Therefore, we are asking whether a tensor x B ® CRDSET enjoying the symmetries of 
the left hand side of (J33|) an d such that 

(35) X B ® BQ DSET = and X B ^ CRDS DS = 

has the property that all its second traces vanish. This is not the case. Indeed, a 
counterexample may be constructed from any trace-free symmetric tensor Z . 
Let g® RST = g(Q R g ST ) an d then 

(36) X BQCRDSET = ^^BCDE-QRS^ 

where 'skew' means to take the skew part in the index pairs BQ, CR, DS, ET (thus 
generalising (}3~T]) to I I I I I Q ) . It is readily verified that (}35|) are satisfied but that 



x bqc 



DSE 



a non-zero multiple of Z '. 

The proof of Theorem El now reduces to the following two facts. The first is that the 
tensor X G G) 4 constructed in (}36|) induces a non-zero multiple of the differential 
operator 

W BCDE x B x c x D x E A 2 

on IR n , which we decreed to be equivalent to zero in Definition El On the one hand 
this shows that Mil 1 should be included in the annihilator ideal for B n as stated 
in Theorem El On the other hand, the second easy fact is that (}3*3*|) is true for s ^ 4 
and this implies that no further additions to the ideal are necessary. The first fact is 
an elementary calculation. Both will be left to the reader. 
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